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Maximum flow

Source Is the starting vertex often denoted with s
Sink Is the ending vertex often denoted with
Capacity Is the amount of units that can be send through each edge per unit of time.

Flow network A flow network consist of a directed graph G = (V, E) a sorce s € V a
sink t € V\{s}, and a capacity function ¢ : V' x V — R(maps vertex pairs to real numbers)
such that c(u,v) > 0 for all edges in V. This means that if there is not an edge then the
capacity is 0.

We require that G has no self lops and no anti parallel edges

Flow Is a function V x V' — R such that the it withholds the capacity constraint.

Capacity constraint The flow is not negative and the flow can not be larger than ca-
pacity.

Flow conservation constraints the flow going out of a vertex must equal the flow going
into that same vertex.

Capacity constraint: Forall u,v € V, werequire 0 < f(u,v) < c(u,v).

Flow conservation: Forallu € V — {s,t}, we require

Figur 1: Formular for capacity and flow conservation

The value of the flow Is defined as the netflow from the source. This means the flow from
the source subtracted to the flow going to the source

Max flow Is a flow of maximum value

Ford-Fulkerson Is a method to find a maximum flow in a flow network. Runningtime is
O(|E|-|f*|), where f* is a max flow.

FORD-FULKERSON-METHOD(G, s, 1)

1 initialize flow f to 0

2 while there exists an augmenting path p in the residual network Gy
3 augment flow f along p

4 return f

Figur 2: Idea behind Ford-Fulkerson

Residual capacity Is how much capacity is left on an edge, formally defined as:
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c(u,v) — f(u,v) if(u,v)yekE,
cr(u,v) = f(v,u) if (v,u) e E,
0 otherwise .

Figur 3: Residual capacity

Residual network Is the same graph as G but where the edges are only the ones that have
positive residual capacity. Meaning Gy = (V, Ef) where Ef = {(u,v) € V x V¢s(u,v) > 0}.
Gy is a flow network with capacity function C. This flow network can have parallel edges.
Augmenting path is defined as: Given a flow network G = (V| E) and a flow f, an aug-
menting path p is a simple path from s to ¢ in the residual network G/.

FORD-FULKERSON(G, s,1)

1 for each edge (u,v) € G.E

2 (u.v).f =0

3 while there exists a path p from s to ¢ in the residual network Gy
4 cr(p) = min{cy(u,v) : (u,v)isin p}

5 for each edge (u,v) in p

6 if (u,v) e E

7 (u.v).f = (uv).f +cr(p)

8 else (v,u).f/ = (v,u).f —cr(p)

Figur 4: Full Ford-Fulkerson method

A cut is a partition of the graph into subset S and T where the source is in the S side and
the sink is in the 7T side

Flow accross cut The flow accross the cut is the flow going from S to 7" meaning if there
are edges between the subsets then the sum of the flow between these edges.

Capaity of the cut Is the same as the flow accros the cut but with capacity.

Lemma 2 if you have any flow and any cut, then the flow is equal to the flow going across
this cut.

Max flow-min cut theorem

Theorem 26.6 (Max-flow min-cut theorem)
If f is a flow in a flow network G = (V, E) with source s and sink ¢, then the
following conditions are equivalent:

1. f is a maximum flow in G.
2. The residual network G contains no augmenting paths.
3. |f|=c(S,T) for some cut (S,7T) of G.

Figur 5: Max flow-min cut theorem

Edmonds-Karp is a instance of the Ford-Fulkerson method but where we have specified
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how to pick the augmented path as the path with the least edges. We do a breath first search
from source to sink and pick the one that reaches the sink first. This runs in O(VE?). This
is because the number of augmentation that EK will make is £ -V

Edmonds-Karp Example

Figur 6: EK example
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Figur 7: EK number of iterations

Layers in EK is defined as how far they are from the sink, in terms of when they were
discovered in the BFS
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Lo={s}il1 = {a,c} L = {b,d} L3 = {1}

Figur 8: Layers in EK

Forward edge Is an edge where the layers increase
Backwards edge Is the reverse of a forward edge.

1 Linear programming

Her mangler virkeligt meget skal laeses meget op pa og hvordan man lgser det.

Standard form for LP can be used to minimize/maximise linear objective function
subject to linear inequalities or equations
The variables are X (vector) and the objective function is denoted ¢-2. The inequality A- < b.
Formally this is:

n
maximize E CiXj
J=1
subject to
n
Zafjxj < b_f fori=1,2,...,m
j=
x; =2 0 forj=12...,n.
Figur 9: Standard form
LP Duality

Weak duality
Strong duality
Simplex method
Ellipsoid method
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2 Randomized Algorithms

Randomized Quick sort is like quick sort but the pivot is chosen randomly.

1. function QS(S = {5

.....

> Assumes all elements in S are distinct.

else

N RN

Figur 10: Pseudo code forrandomized quick sort

if |S| <1 then
return list(S)

L {yeS|y<x}
R« {yeS|y>x}
return QS(L)+[x]+QS(R)

Pick pivot x € S, (How?)

Foreachy € S5\ {x},
compare to y to x once

Here, we have represented the recursive call after each partitioning step of the array.

pivot
4 3 1 2 5 9 7 10 | 6
pivot pivot
1 2 4 3 6 7 10 9
= =) J
pivot pivot pivot
1 3 4 7 9 10
AEE—— (E—— ——
pivot pivot pivot
4 T 10

Figur 11: Normal quick sort example
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Sorting S = [70,12,34,47,9,72,60,7].

[12,34,%7]/47w72,60]
0.7] A2 [34 60] 'O [72
M

7 34
\Jg]
9
Figur 12: Lucky random QS example

Sorting S = [70,12, 34,47,9, 72,60, 7].

7 [70,12,34,47,9,72,60]
9_ [70,12,34,47.72,60]
12 [70,34,47,72,60]
34 [70,47,72,60]
A7 [70,72,60]
60 _[70,72]

\70\[72]

72

Figur 13: Unlucky random QS example

n’th harmonic number is a number defined as H, = > ;_, +

Randomized min-cut For a graph, contract an edge, remove self loops and then do it again.



Thomas Busk 21. januar 2025

1: function RANDMINCuUT(V, E)
2 while |V| > 2 and E # () do
3: Pick e € E uniformly at random.
4 Contract e and remove self-loops.
5

return £

Go = G G1 = Go/e G =Gi/ea G3=Gy/e3

{a, b}
b b {c,d} b
\"'-a..\
AN \‘ {c,d, e} {e,d,e}
N
e e

Figur 14: Randomized min-cut code and example

Monte carlo algorithm Is a random algorithm where we know the runtime but we dont
always get the right answer (run it many times and we probably get the correct answer)
Las vegas algorithm Is a random algorithm where we always get the right answer but we
dont know the runtime only an expectation

3 Hashing

[H]

Universe is denoted U consists of keys that we can map to.
Random hash function is a chosen function that randomly maps a key to a value.
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Notation: Inequalities:
For n € N: Expectation of indicator variable X:

E[X] = Pr[X =1]
Linearity of expectation:

IE[Z X;] =) EIX]
Sum of pai;wise indep’. variances:

1 if condition is true
dltl - = H
[condition] {0 if condition is false Var[zi: X'] Z:Var[X,]

[(] ={0,....,n—1}
[y ={1,...,n—1}

Iverson bracket:

For a random variable X: Union bound:
Pr[AU B] < Pr[A] + Pr[B]
px = E[X] (expectation)  Markovs Inequality: For X > 0,t >0
Var[X] = E[(X — ux)?] (variance) PrX > < E[X] _ Hx

I v - t t
ox = y/Var[X] (std. deviation) Chebyshevs Inequality: For t >0

1
Pr[|X — x| > tax] < I

Figur 15: Notation used for hashing

Definition

A random hash function h : U — [m] is a randomly chosen
function from some family of functions mapping U to [m].
Equivalently, it is a function h such that for each x € U,
h(x) € [m] is a random variable.

Figur 16: Random hash function definition

Truly random hash functio is defined if the variables h(x) for € U are independent and
uniform. This is however impractiacal as this requires to much space.

Universal hash function is when the probability of hashing two values into the same key
is less than %

C-aprocimately hash function same as universal but with probability =

Strongly universal hash function For any two distinct elements in the universe the pro-
bability that x hashes tp q and y hashes to r is equal to # This we can also describe as
each key is hashed independently into [m| and two distinct keys hash independently
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Definition

A hash function h: U — [m] is truly random if the variables h(x)
for x € U are independent and uniform in [m].

Impractical, why? Space! Require |U|log, m bits to represent.
Definition

A random hash function h: U — [m] is universal

if, for all x # y € U: Prplh(x) = h(y)] < =.

Definition
A random hash function h: U — [m] is
strongly universal (a.k.a. 2-independent) if,

» Each key is hashed uniformly into [m].

(i.e. Vx € U,q € [m] : Pry[h(x) = q] = 1)

» Any two distinct keys hash independently.
Or equivalently, if for all x #y € U, and q,r € [m]:
Pra[h(x) =g A h(y) =r] = L.

m

Figur 17: Definitions for hashing

Hashing with chaining Is when we store our keys in a linked list, so if we want to see if x
is in our datastucture, we simply hash x and look at the coresponding key, then we can only
look there. Therefore insert, delete and lookup has a constant runtime.

Idea: Pick m > n and a universal h: U — [m].

Store array L, where
L[i] = linked list over {y € S | h(y) = i}.

m>n
0 i i m-—1
L:
T T
71| hn) =i 73| hlys) =
i h(y2) =i

Figur 18: Hashing with chaining
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Multiply-mod-prime hash function

Let U = [u] and pick prime p > u. For any a, b € [p], and
m < u, let h:b:U—>[m] be

25(x) = ((ax + b) mod p) mod m

Choose a, b € [p] independently and uniformly at random, and
let h(x) := h7(x).

Then h: U — [m] is a 2-approximately strongly universal hash
function.

Figur 19: Multiply-mod-prime hash function

Let U = [2*] and m = 2. For any odd a € [2"] define

i = |22t

Choose odd a € [2%] uniformly at random, and let

h(x) := h,(x).
Then h: U — [m] is a 2-approximately universal hash
function.

(Assignment 3 exercise 3.4 asks you to show that it is not
c-approximately strongly universal for any constant c).

Figur 20: Multiply-shifft hash function

Coordinated sampling If two agent see the same occurence then they both either sample
it or not sample it. This can be implemented with a hash function where all the agents has
the same hash function and they chose a value t and if it hashes to a value lower than t then
they sample it otherwise they throw it away.

10



Thomas Busk 21. januar 2025

4 NP-Completness

P Are problems we can solve in polynomial time

NP Are problems we can verify in polynomial time

NP-complete are the hardest problems in NP and all other NP problems can be reduced
to that problem so if a soloution to a NP-complete problem can be found in polinomial time
then we have solved the P=NP. Decicion problem is a problem where the answer is a yes
and no. For example a decicion tree where we say we can come from u to v in k steps.
Optimization problem is where the output is not a yes no but a optimal soloution for
example a shortest path.

Alphabet Finite set 3 of symbolx

Language L over X is a set of strings of symbols from 3

e Alphabet: finite set X of symbols.

e Language L over X: a set of strings of symbols from .

e Example: ¥ = {a,b,c} and L = {a, ba, cab, bbac,. . .}.
e We also allow an empty string and denote it by €.

e The empty language is denoted () (it does not contain ¢).
e X" denotes the language of all strings (including €).

e Any language L over ¥ is a subset of >*.

Figur 21: Definitions of language

Z*

Figur 22: If a string is in the alphabet then it is a yes instance of the decicion problem

11
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This can also be written as:

Language accepted/decided by an algorithm

Let A be an algorithm for a decision problem and denote by
A(x) € {0, 1} its output (if any) on input .

A accepts a string x if A(x) = 1.

A rejects a string x if A(x) = 0.

There may be strings that A neither accepts nor rejects.
The language accepted by A is:

L= {z € {0,1}*|A(z) = 1}.

Suppose in addition that all strings not in L are rejected by A,
ie., A(z) =0forallz € {0,1}*\ L.
Then we say that L is decided by A.

Figur 23: Language decided by algorithm

NP-Complete

P=NP
= NP-Complete

Complexity

Figur 24: Enter Caption

Polinomial time reductible is if a language is reducible to another language with a poly-
nomial time function

12
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NP-complete languages

e Language L is NP-complete if

1. L € NP and
2. L' <p Lforevery L' € NP.

L is NP-hard if property 2 holds (and possibly not property 1).
The class of NP-complete languages is denoted NPC.

If some language of NPC belongs to P then P = NP. Why?

It is not immediately clear from the definition that NP-complete
languages even exist.

Figur 26: Definitions of NP-complete languages

Polynomial-time reducibility

e Language L; is polynomial-time reducible to language L if
there is a polynomial-time computible function
f:{0,1}* — {0,1}* such that for all z € {0,1}*,

ze Ll e f(r) € Ls.

e Inthis case, we write L1 <p Lo.
e If L <p Lsthen L isin asense no harder to solve than Ls.
e More precisely,

L1 <plaoANloe P= L1 €P.

e This follows since any instance /| of L; can be solved by
transforming it in polynomial time to an instance I> of Lo and
then solving I» with a polynomial-time algorithm for L.

Figur 25: Polynomial-time reducibility

Prove something is NP-complete we have to prove first that it is NP and then that it
can be reduced to from an already NP problem

13
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NP-completeness of CLIQUE

o We will show that CLIQUE is NP-complete as follows:

o CLIQUE € NP,
o J-CNF-SAT <p CLIQUE.

e To show CLIQUE € NP, consider an algorithm A taking two
inputs, (G, k) and a certificate y.

e 1 specifies a subset V' of vertices of G.

e A checks that |V'| = k and that V' is a clique in G.

e This can easily be done in polynomial time.

Figur 27: NP-Completeness of Clique

SAET IND DE GENNEMGAEDE NP PROBLEMS

4.1 Exact exponential algorithms and parameterized compexity
Motivation for lecture

Introduction

We usually want algorithms that
1) in polynomial time,
2) for all instances,

3) find an exact solution.

Unfortunately some problems are hard, and we may have to settle for (at
best) 2 out of 3. We call such algorithms

Exact exponential algorithms
if we relax 1) to allow using exponential time.

Parameterized algorithms

if we relax 2) to instances with small fixed values of some parameter.
Approximation algorithms

if we relax 3) to allow approximate solutions (next 2 lectures).

Figur 28: Motivation for exponential algo

Traveling salesman via dynamic programming Is a way to solve the TSM in expo-

14
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TSP via Dynamic Programming (Bellman-Held-Karp)

Problem: Given cities ¢y, ..., ¢, and distances dy = d(¢;, ¢;), find tour of
minimal length, visiting all cities exactly once. Equivalently, find
permutation & minimizing d(cr(n), Cr(1)) + Z?__ll d(ex(iy), Cuiv1))-
Idea: Forall 5 C {c,...,c,} and ¢; € 5 define
OPTIS, ¢] = minimum Ieng'tl"l of any palth that starts inlc,, visits|
all of 5 once without leaving 5, and ends in ;.
Then min{DPT[{cm..x,.},c.-] +dic, ) | ceE {e2,...,¢ca}} is the
length of the minimal tour.

4 o

OPT[S, c): o
o
;ir:;"a  [dlar,e) 5 = {c)
[5: < min{ClPT[S"\{l:,-},q]+d{chc;] | c*E:S‘\,«{c,-}} iflaycs

Proof.

Let e = (ck, ¢;) be the last edge on such a path. If k =1 we are done. If
k # 1 the shortest length through e must be OPT[S\ {c}, a] + d(ew, ).
The shortest such path must use the minimum over all ¢, € 5% {g}. O

Figur 29: TSM problem with dynamic programing

nential time and therefore not in n!.

Maximum independent set via Branching

Exact MIS via Branching

Problem: Given undirected graph (V, E), find the maximum cardinality of
I C V so each edge has at most one endpoint in /.

Such a set | is called a Maximum Independent Set (MIS) for the graph.
MNaive: Try all 2" subsets (where n = |V|). This takes (*(2") time.

For v € V define N[v] := {v} U {w e V | (v,w) € E}. This is called the
closed neighborhood of v.

Observation: N[v] N/ # @ for all v € V and all MIS /.
Why? If N[v] /=0 for some v € V, I U{v} would be a larger solution.

1: function MISsize(G = (V. E))

2. if V = then return 0

3: v + vertex in V of minimum degree.

4 return 1 + max{MISsize( G \ N[w]) | w € N[v]}

Figur 30: MIS via branching

15
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Exact MIS via Branching

¥ =4 | u
N[v] = {a, b} ‘
@ (—

G\ N3] w“’]
v==c o V=
O]
N[v] = {e.d} N[v] = {e}
kg

i G\ Ne]
G\ Nle] / \s \ N[d]
M=t 2

G\ N[e]

Figur 31: Mis example 1

MIS via Branching

v=a (b) (e) /é/, result
N[v] = {a, b} ; ‘
@ u (d)
i \

N[v] = {e,d} N[v] = {e}
N[v] = {e} ©

o
—_—f

Figur 32: Mis example 2

Bar fight prevention (k-vertex cover)

16
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“Bar fight prevention” aka k-Vertex Cover

Problem: Bouncer in a small city wants to block people at the door to
prevent fights. Assume he knows everyone and knows which pairs of
people would fight if they were both let in. Management only allows him
to block k of the n people who wants in. Is that enough to prevent fights,
and if so, who should be blocked?

Equivalent Problem: Given a graph (V, E) with n = |V/| vertices, is
there a subset C C V of size |C| < k such that every edge has at least
one endpoint in C? Such a set C is called a k-Vertex Cover in the graph,
and its complement V' \ C is an Independent Set of size n — k.

For concreteness in the following, suppose n = 1000 and k = 10.

Naive 1: Try all 2" subsets of people. (21000 ~; 1,07 - 10301 cases).
Naive 2: Use MIS algorithm. (O*(31000/3) = 2,195 - 10%5° cases).
Better 1: Try all (}) subsets of k people.  ((*33°) & 2.63 - 102 cases).

Figur 33: Bar fight prevention

"Bar fight prevention” via Kernelization

Consider the conflict graph G = (V, E).

Idea: If d(v) =0 let v in and drop v from G.
Why? Safe because no conflicts.

Idea: If d(v) = k: reject v, drop v from G, and decrease k.
Why? Not rejecting v means rejecting d{v) = k people.

Mote: If d(v) < k for all v and |E| = k2, there is no solution.
Why? Each rejection resolves at most k conflicts.

Better 2: The above ideas reduce to a graph H with |V/| < 2k? vertices.
Why? [V]= 3,0, 1< 3,0y d(v) = 2/E] < 267

MNow try all (2_:2} subsets of k people. {(21132) A2 2.24 - 109).
Idea: If N[v] = {v,w}: let v in, reject w, drop N[v] from G, and
decrease k.

Why? In any solution that lets w in, we can let v in instead. Never worse.

Better 3: The above ideas reduce to a graph H with |V| < k? vertices.
Why? |V| = gu'(_'k" 1= ézvr_v 2< ézxrr_v d{"‘rj = |E| < k?
Now try all ("k} subsets of k people. {(13:) A 1.73 - 1013).

Figur 34: Bar fight prevention via kernalisation

Kernelization is removing the easy parts of a problem to reduce the size of the problem.
Fore example in the bar fight then if a person has more than k conflicts he isnt a part of the

17
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set and if a person has 0 conflicts then he is a part of the set.

"Bar fight prevention” via Bounded Search Tree

Note: For each edge (u,v) € E, at least one of u, v must be rejected.
Idea: Pick arbitrary edge (u, v), and recursively try with u rejected and
with v rejected.
1: function BFP-Bounded-Search(k, G)
if G has an no edges then
return ()
if k> 0 then
Let (u, v) be an arbitrary edge of G
for w € {u,v} do
if BFP-Bounded-Search(k — 1, G \ {w}) returns a solution C then
return CU {w}
9: return “No solution”
This recursive procedure has depth at most k.
Thus the total number of subproblems considered at most 2.
If we start by rejecting all vertices of degree d(v) > k + 1 (like in the
kernelization approach), the resulting graph has at most
|E| =33 ,cv d(v) < 3nk edges, so constructing each subproblem can be
done in O(nk) time.
The total running time is then O(m + nk - 2¥). (1000 - 10 - 210 ~ 107)

00 NGO be W1,

Figur 35: Bar fight prevention via bounded search tree (is bounded because we reduce by k
each time)

“Bar fight prevention” via Bounded Search Tree
=D (Christon>— Fedor
(_Erik_2
(_Bob_——( Daniel >—(Gerhard)

k=3 C = {Fedor, Daniel, Bob}

Chrl:.tus Vs Damcl] [_BU'J Vs DHI‘III:'J [Darm:l Vs Enk_] [Chrlstm VS r::dclr

TC L Ty 7%

fail fail fail fail

Figur 36: Bar fight prevention example bounded search tree

18
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Definition: A parameterized problem is Fixed Parameter Tractable (FPT)
if it is has an algorithm with running time f(k) - n® for some function f
and some constant ¢ € R.

Definition: A parameterized problem is Slice-wise Polynomial (XP) if it is
has an algorithm with running time f(k) - n8(%) for some functions f, g.

Note: FPT = XP, why? Simply set g(k) = c.

Figur 37: Paremeterized problems definitions

5 van Emde Boas Trees

Reason for the tree

Problem:
Given a universe U = [u] where u = 2%,
maintain subset S C U, |S| = n under:

insert(x,S):  Add x to S (assumes x € S).
delete(x,S): Add x to S (assumes x € S).
member(x, S): Return [x € §].

empty(S): Return [S = (].

min(S): Return min S (assumes S # (). *
max(S): Return max S (assumes S # ).

predecessor(x, S): Return max{y € S | y < x}
(assumes {y € S | y < x} is nonempty).

successor(x, S): Return min{y € S|y > x}
(assumes {y € S| y > x} is nonempty).

Figur 38: Reason for van Emde Boas Tree

6 Computational Geometry

Art Gallery theorem the floor of 7 is sometimes needed to cover a polygon but its always

enough.

19
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What is a triangulation?

Diagonal: Segment contained in P
between two vertices.

Triangulation: Partition of P
into triangles by a maximal set
of non-intersecting diagonals.

diagonal

not chord, not diag.

chord, not diag.

not maximal = not triangulation

Figur 39: Definition of triangulation

Any polygon can be triangulated

Lemma: A polygon P with n vertices can be triangulated, and any
triangulation has n — 2 triangles using n — 3 diagonals.

Proof: Induction on n. Base case n = 3 is trivial. A
Induction step: v leftmost vertex, u and w neighbours. .......
Case 1: uw is a diagonal. ung o E
Induction hypothesis = v

triangulation with n — 3 triangles on
the other side of uw.

Case 2: uw is no diagonal. Let ¢ be
corner in uvw farthest from uw. vt is
a diagonal, splits P into P; and P
with m1 < n and msy < n vertices,
mi1+me =n-+2.

Induction hypothesis =

Py: mq — 2 triangles.

Ps: mg — 2 triangles.

In total: m; +my —4=n+2—-4=n—2.

Figur 40: Proof that every polygon can be triangulated

20
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Proof that | %] are sufficient

Consider a triangulation.

Consider dual tree.

Color vertices with 3 colors,
each triangle gets 3 colors.

Observe that the red
vertices guard the gallery,
as do the green and blue.

n="ny+ng+n, =—
min{n,,ng, np} < % =
min{n,, ng, ny} < [%j

Why does the proof fail if P has holes?

Figur 41: Prof that n over 3 is always enough

Y-monotone polygon is a polygone has a top vertex a botom vertex and two y-
monotone chains between the top and botom, so the idea is to split the polygone into different
y monitone poligones and then split those. See example below:

21
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Figur 42: y monotone polygone

Vertex types There are 5 different vertex types. Start, stop, split, merge and regular.
They can be seen on the illustration below:

22
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) a ﬂ start

1

end

Figur 43: Vertex types

Sweep line Is when we have a line going from the top and down and then from the
bottom up. We know that if we dont have any split or merge vertex then the polygone is
y-monotone. After doing the sweep down and removing split vertexes, we flip the graph and
simply do the same upside down, now our merge vertexes will be the new split vertexes.

23
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Helpers

Helper of edge e intersected
by ¢ with interior of P to
the right: Previous vertex
visited by this connected
component of £N P.

Equivalent: Lowest vertex
above ¢ that sees e to the
left.
Figur 44: Helpers triangulation
Status
¢ @ b c d /\

Implement status with balanced binary search tree T.
Sorting order: intersection points with ¢ from left to right.

Figur 45: Status tree T
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Events
Start vertex: Insert e in T with End vertex: Remove e from T
helper v.
(%
e
e

(%
Regular vertex with P to the left: Regular vertex with P to the right:
Update helper of e to v. Replace e by f in T with helper v.

e
e ) v

f
Split vertex: Add diagonal to Merge vertex: Remove e from T.

helper u of e. Update helper of e Update helper of f to v.
to v. Add f to T with helper v.

e uv f V

f v

Figur 46: Events on sweep

Triangulating a y-monotone polygon

1: Merge vertices of left
and right chain to get
sorted order

2: Traverse vertices top
down and create diagonals
to all possible vertices
above

Figur 47: Triangulate a monotone polygon
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7 Approximation algorithms

Def.: An algorithm for an optimization problem has
approximation ratio p(n) if for every input of size n,

ma. Cf < p(n)
“leriglf =
C* :=cost(opt. sol.)/ \C :=cost(produced sol.)

Figur 48: Definition of approximation algorithm

Approx-vertex-cover We approximate a vertex cover by choosing an edge in the graph
and add both the endpoints to the graph, then we remove all the edges the vertexes touch
from the graph and keep going. This is a 2-approximation algorithm as the worst case is it
is twice as bad as the optimal solution.

Vertex Cover

Def.: Let G = (V, E) be a graph. A set V/ C V of vertices is
a vertex cover if for all uv € E, we haveu € V' orv e V.

NP-hard!
APPROX-VERTEX-COVER(G)
C:=0
while E(G) # 0
choose uv € E(G)
C :=CU{u,v}
remove all edges incident on u or v from E(G)
return C'
Exercise:
he2 & 3 d
1 4 2 6 \7
a e¥—g f g

Figur 49: Approx vertex cover definition
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Implementation

Adjacency lists:
Lla] ={b}  Ela] = 1]
L[b = {a,c} Eb] =]

Llc] = {b,d,e} Elc] = |

Array of edges
[(a,b,1), (b,c, 1), (¢,d,1), (c,e, 1), (d,e, 1), ...]

[(a,b,0), (b,c,0), (c,d,1), (c,e,1),(d,e, 1), ...]
[(a,b,0), (b,c,0), (c,d,0), (c,e,0),(d,e0), ...]

Running time: O(|V| + |E|)

Figur 50: Approx vertex cover example

Approx traveling Salesman Here we have to assume the triangle inequallity, that is
c(uw) < e(uv) + c(vw) (meaning it is at least as fast to go directly.)
To solve the problem we make a Minimum spanning tree and then we make a euler tour of

T (visit every edge at least once) and then we do that again but skipping the ones we have
allready visited.
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APPROX-TSP(G, ¢)
Find MST T
Make Euler tour W using each edge of T twice

Shortcut W to H by skipping duplicates
Return H

Figur 51: Approx TSM problem example

Set cover Find the least amount of sets where it fits the whole set:

Set Cover

Input: Pair (X, F), where X is a finite set and F C P(X) is
a family of subsets of X.
Goal: Find C C F covering X, i.e., [Jgoo S = X, with [C]|

minimum.

Exercise: Show that vertex R P g ¢
cover is a special case. ° (o o
Xo={1,2,...,8) o o |n| o
F = {{1},{1,2},{2,3,4}, E %] e o
{37 5? 6’ 7}7 {4’ 57 8}a {6) 8}a {7}} Ry Ry B/
b 2 ¢ 3 d

5 7 X =F
oo 6 F={E@)|veV}
a co—g—of g EWw ={weFE|ueV}

Figur 52: Set cover example
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Greedy set cover Here we cover the most amount of elements that are not covered
already:.

Randommised 3 sat

Randomly assigning values
® is a MAX-3-SAT instance

RANDOM-ASSIGNMENT (@)
for each variable z; of ®
choose z; € {0, 1} by flipping fair coin
return assignment
Thm.: RANDOM-ASSIGNMENT is a 8/7-approximation algorithm.

Proof: Let ® =C1 A ... ANC,,. Consider C; = ¥1 V {5V {3.
Clause C; not satisfied <= /1 A =y A —f3.
Pr[~C;] = Pr[~61] - Pr 6] - Pr[~f]= (5)* =1/8
variables in C; chosen independently Linearity of
Pr(Ci]=1-Pr[-Cj]=1= expectation

EX]=E [Z[Cz] :ZE[Q]:Z

Approximation ratio: % = 72;8 < 77?/8 =8/7

=Tn/8

(0NN

Figur 53: Randomized 3 sat

Minimum weighted vertex cover is where we find a vertex cover with the minimum
amount of weight, so we have put weights on each vertex. This can be made into a linear
programmingg problem, however it is still NP complete.
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Weighted Vertex Cover

Def.: Let G = (V, E) be a graph. A set V/ C V of vertices is
a vertex cover if for all uv € E, we have u € V' or v € V.
Now: We are given weight w(v) > 0 for each v € V.

Goal: Find vertex cover C' with minimum

vel
Exercise: Find minimum (unweighted) vertex cover and then

minimum weighted vertex cover.
as 4 he3

%2 F*1

Figur 54: Weighted vertex cover

Subset sum approximation We want to find a sum of numbers where the cost is as
close to t as possible without exceeding it.

SUBSET-SUM

Input: Set S = {z1,...,2,} CN, and ¢t € N.
Goal: Find U C S's.t. )y <t with maximum ;.
Example: S = {1,4,5}, t = 8.
NP-complete to decide if 3U C S: ),z =t
Abstract exact alg.:
fork=1,2,...,n
compute Ly, :={Y ;@ |U C{x1,...,2:} N> cpx < t}.
return max L,
Note: Ly C Ly—1U (Li_1 + xk).

EXACT-SUBSET-SUM(S, ¢)
Lo = [0]
fork=1,....n
L=MERGE-LISTS(Lk—1, Lx—1 + xx)
remove from L; duplicates and elements > ¢
return last(L,,)

Figur 55: Subset-sum
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